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Abstract

The concept of label semantics[6] proposed by Lawry
is a random set framework for modeling with words.
It proposes two fundamental and inter-related mea-
sures of the a appropriateness of labels as descrip-
tions of an object or value. In this paper, based on
an introduction of logical expressions based on label
semantics, we present a new measure to evaluate the
distance beiween two logical expressions of fuzzy la-
bels. Two fundamental and important properties of
this distance are discussed. It is theoretically proved
and tested by experiments that the new measure can
explain the dissimilarity of linguistic rules well.
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1. Introduction

In order to understand the use of natural language for
information and knowledge processing in computer sys-
tems, Zadeh proposed the concept of computing with words
paradigm. He suggested a form of precisiated natural lan-
guage [12] based on the theory of generalized constraints
and linguistic variables. ILabel semantics, introduced by
Lawry [6, 5, 3, 2], provides an alternative representation for
modeling with words. In contrast to Zadeh'’s methodology
this approach is based on measures of an agent’s subjective
belief that a logical expression is appropriate to describe a
particular object or value.

The theory of fuzzy sets proposed by Zadeh in 1965 [13]
is an efficient method for representing and processing vague
information. In order to use fuzzy set in practice, many sim-
ilarity/dissimilarity measures [1, 4, 7, 10] have been pro-
posed for measuring the degree of similarity between fuzzy
sets. But those measures are not proper to deal with the sim-
ilarity/dissimilarity measures between logical expressions

978-1-4244-6525-5/10/$26.00 ©2010 IEEE

which are concepts based on given linguistic variables. La-
bel semantics focus on the decision making process an in-
telligent agent must go through in order to identify which
labels or logical expressions can actually be used to de-
scribe an object or value. For this reason, Lawry has in-
troduced the mass assignment and appropriateness degree
which measures the appropriateness of using a particular
subset of labels to describe an object or value. One step fur-
ther, we present a measure to evaluate the dissimilarity of
logical expressions based on the mass assignments and ap-
propriateness degrees which can quantize the divergences
between logical expressions in this paper.

This paper is organized as follows: Section 2 gives a gen-
eral introduction to label semantics. In Section 3, logical
expression of labels is defined formally. In section 4, we
first define the distance between two variables on the dis-
course and then the formal definition of distance between
logical expressions is given. And some important proper-
ties of this distance are discussed and proved as well. In
section 3, an experiment on a vague concept, color, is done
to practice the distances defined in section 4 and show the
significant properties of these distances vividly.

2 Label semantics

Label semantics is a random set framework for modeling
with words. The fundamental notion underlying label se-
mantics is that when individuals make assertion of the form
*x is 8, they are essentially providing information about
what labels are appropriate for the value of the underlying
variable x [5].

Definition 1 (Mass assignment on labels) For x € () the
label description of x is a random set from V into the power
set of L,dencted by D, with associated distribution my,
which is referred 1o as mass assignment:

VS C Lom(S) =PI e V:DI=8). (1)
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To evaluate how appropriate a label is for describing a
particular value of variable =, appropiatenessdegrees are
defined.

Definition 2 (Appropriateness degrees)

S ma(S). ©

SCLiLes

Vee R.¥Le Lypr(z) =

Example 1 Given a set of labels defined on the height of an
adult: Liesgne = {short, medium, tall}. Suppose 4 of 10
people agree thar “medium is the only appropriate label for
the height of 173cm * and 6 support that * both short and
medium are appropriate labels °. According to Definition 1,
the mass assignment for 173cm is:

myre = {mediuwm} : 0.4, {short, medium} : 0.6. (3)

And according to Definiion 2, the appropriate-
ness degree ofmedium as a descripion of I173cm
IS Hmedium(173)=0.4+0.6=1 and that of shori is
/J“sh,m‘t(-l 73)=0. 6.

3 Logical expressions of fuzzy labels

Given a universe of discourse (2 containing a set of ob-
jects or instances to be described, it is assumed that all
relevant expression can be generated recursively from a fi-
nite set of basic labels £ = {L;, Ls, ..., L, }. Operators for
combing expressions are restricted to the standard logical
connectives of negation ‘—’, conjunction ‘A’, disjunction
“v" and implication ‘—’. Hence, the set of logical expres-
sions of labels can be formally defined as follows:

Definition 3 (Logical expressions of labels) The set of
logical expressions, LE, is defined recursively as follows:
(i) L; e LE fori=12,..n.
(t)If8, o € LE then 8,8 A p, 0V @, 0 — ¢ € LE.

Basically, we interpret the main logical connectives as
follows: —L means that L is not an appropriate label,
Ly ALy means both L; and Ly are appropriate labels,
Ly v Lp means that either I; or Ly are appropriate labels
and L; — Ly means that Ls is an appropriate label when-
ever L; is. As well as labels for a single variable, we may
want to evaluate the appropriateness degree of a complex
logical expression & € LE. Consider the set of logical ex-
pressions L E obtained by recursive application of the stan-
dard logical connectives in £. In order to evaluate the ap-
propriateness degrees of such expressions we must identify
what information they provide regarding the appropriate-
ness of labels. In general, for any label expression 6 we
should be able to identify a maximal set of label sets, A(#),
that are consistent with # so that the meaning of # can be
interpreted as the constraint D, € A(9).

Definition 4 (A-Function) Ler ¢ and o be expressions gen-
erated by recursive application of the connectives —, A,V
and — to the elements of Lfi.e. 8 € LE).Then the set of
possible label sets defined by a linguistic expression can be
determined recursively as follows:

(D) A(Li(x)) = {5 € FI{L:} € S}

(i) AM(—8) = A().

(iii) A(8 V ) = A(B) [ Algp).

(i) A0 A o) = A(B) ) Alg).

(VIO — @) = A@) [1A(e)-
Then A{#) corresponds to those subsets of F identified as

being possible values of D, by the expression &. A function
will be a useful tool in our next work.

4 Distance of Logical Expressions

From last section we know that variables on the uni-
verse which can be expressed by different mass assignments
have different logical meanings obviously. Thus a measure
which can measure the difference between the logical mean-
ings of variables is needed.

Definition 5 (Distance between two variables) Given
two variables 1 and xs from an universe (2 who is fully
covered by sets of labels {S;,85,..., 5, }, then the disiance
berween x1 and T is!

M
D(zs,ze) = Mhinoo Z D (w,v) (4
m=1

where

Diu,v) = > (mu(Si) — mu (81))° (5)

i=1
w= :51—5—%(:52—:61) (©)
v==m1+ mﬂ/; (z2 — x1) 0]

This definition has two important properties:

Theorem 1 The distance D defined by Equation 4 is sym-
metric.

Proof 1
M
D(zg, 1) = erl—r»noo ZID(U ,v )

where )

— (e e)
U — T2 M.i,"l I

M—m

=T+ T(IQ — 1)
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/

/7 mfl
v =T+ 1% (z1 —z2)

M—m +1
:I1+#($2*$1)

M —m' + 1 has the same value domain. Thus
D', vy = D(v,u)

In addition, because of the Symmetry of D defined by Equa-
tion 3, the following conclusion can be deduced.

D(zs,z1) = D(z1,22)
So the distance berween variables is symmetric. [
Theorem 2 If given z1 < x5 < T3, then

D(zy,z3) 2 D(x1,22) (8)

Theorem 2 demonstrates that this measure has non-
negative correlation with the distance of = which can be
easily proved as follows:

Proof 2
M
Dizy,20) = A/}linoo;D(u’ v)
where
=@y (e )
U=z + 7 k2 1
_ L_l( )
U=+ M Ty — I
M 7 4
Dz, 23) = A}TM;D@ U )
where
i e
uw =x1+ M(IS - Il)
—1
mM (x5 — 1)
obviously

Vm,u/ —v u—v
because D(u',v") >= D{(u,v),thus
Dizy,x3) > Diw1,22)
Now proof of Theorem 2 has been completed. [J

Above definition express the logical distance between
two variables on the discourse. Now we consider this ques-
tion: how can we design a measure to calculate the distance
between a point and a fussy set. Previous works have given
a logical explanation about the relationship of a variable on
the discourse and a fussy set defined on the same discourse.
Basically the relationship can be expressed by using mem-
bership function: p,(S) = o, where @ < [0, I]. Now we
present a more logical, reasonable and also more complex
measure based on it.

Definition 6 (Distance between variable and set of labels)
Given a point zp and a set of labels § covers a continuous
extent [a,b] on the universe (2, the distance between zg
and 8 is defined as follows:

f’f Dz, z)dx

D(Io,S) = b—a

9

Further more,two sets of labels also have different log-
ical meanings. Distance of sets of labels which is used to
measure the divergence between them can be defined as fol-
lows:

Definition 7 (Distance of sets of labels) Given two sets of
labels S; and S; with 5; covering a continuous extent {a,b]
and 5; covering a continuous extent fc,d]. Then distance
between these two sets is defined as:

fj fcd Dz, y)dzdy

D(S;,8;) = (b—a)(d— o)

, T e Si,'yESj (10)

wheni = §
D(8;,85;) =D(8;, 8) =0 (11)

For the symmetry of the distance between two variables,
it is obviously that the distance of sets of labels is also sym-
metric.

Basically, A-function provides a way of mapping from
logical expressions of labels to random set descriptions of
labels. So we also can define the distance between two log-
ical expressions.

Definition 8 (Distance of logical expressions) Given mo
logical expressions 8, € LF, then the distance berween
& and ¢ is

DB, ) = Z Z D(S" 7, 8¢

21_]1

1 g .
—tZZD(S?fA S )
k=11Ii=1

where p,q,r,t respectively means the count of elements of
ser S0, S, e gpenod
52 e ={818 e A}, = 1,2,...,q
S"D 59 = {815 € Ap)},7=1,2,.
S“w € 897 = [8]8 € MB)()
S@H € 8§90 = 1818 € My) A
When S§ermt — &,

( )} -
MO .

Do,y = — ZZ’D(S“’“‘” s 13

i=1 j=1
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When S8 = &,

A -
— > 2 DS ) (14)
k=11i=1

D(@, (P) =

L]

The above logical expression is one dimensional, which
can be used by agents to deseribe one of the features of
the object. Actually every object have more than one sides.
Linguistic rule induction model based on label semantics is
an effective approach. Based on Definition 3, a linguistic
rule is a rule that can be represented as a multi-dimensional
logical expressions of fuzzy labels.

Definition 9 (Multi-dimensional logical expressions of
labels) MLE®! is the ser of all multi-dimensional label
expressions that can be generated from the logical label ex-
pression LE; : j = 1,...,n and is defined recursively by
(i) If0 € LE; forj =1,..,nthen § € MLE™,
(i) If 8,0 € MLE™ then =0,8 A @,8V 0,8 — o €
MLE™

Similarly we could give the definition of distance be-
tween two MLE®™),

Definition 10 (Distance between multi-dimensional log-
ical expressions) Given two n-dimensional logical expres-
sions: &, U with

& :9D1 /\BD2 A /\9Dn

i =@p, Neb, Ao AeD,

where Op,, pp, respectively means the logical expressions
in dimension Dy hence, the disiance berween © and § is
defined as follows:

D@, T) =, > |Db,,¢n,) (15)
=1

5 Experiment

Color of an object is a vague concept and largely depends
on the observer’s subjective belief. But there is a general
principle for human beings to decide using the most appro-
priate word such as yellow or red to describe the color of an
object.And people know the difference among these colors,
which is difficult to defined with some specific numerical
value. We often make classifications based on these vague
and subjective differences among objects. The above defi-
nition is try to make a measure to quantize these differences
in order to let the agents have the ability to distinguish dif-
ferent objects.

HSV color space which can be well visualized by the
conical representation model quite accords with human be-
ings’ visual features. Fig. 1 shows three fuzzy sets defined

{red} {orange} {yellow}

0 10 20 30 40 50 80 70 80 90
H value

Figure 1. H values covered by three labels
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Figure 2. Distance between variables with
zp = 0,z; varying from 0 to 90.

on the Hue value. ks and k; are two variables on this dis-
course. Fig. 2 shows the variation of D{hy, h;) with dif-
ferent values of hy and k;. Here we let hy equals 0, and
h; varies from O to 90. It is illustrated that where the mass
assignments of A; have little change with its value vary-
ing, D(%hy, hy ) stays the same. In contrast, (kg , hy ) varies
rapidly where the mass assignments of k; change with its
value varving.

Table 1 shows the distances between these sets of labels
and demonstrate that the greater the logical divergence of
two labels is, the greater the distance we defined is. Further
more, if person A holds the idea that a color with its H value
equaling 20 is not orange, formally expressed as follows:

flap = —orange

Person B thinks that this color is red or orange,also ex-
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Table 1. Distances between sets of labels.

{r} {rno} {o} {ow} {v}
1 0 00288 00626 00950 0.1246
[r,0} 00288 0 00354 00673 0.0968
{o} 00626 003% 0 00336 0.0626
{o,y] 00950 00673 00336 0 0034
[y} 01246 00968 00626 00304 O

Table 2. Distances between logical expres-
sions.

920 ©20 20
6o 0 0.1413 01735
@20 01413 0 00650
0 01735 00650 0

pressed as follows:
woo = Ted V orange
And person C believes that this color is red.
Yoo = red

According to Definition 4, the possible label sets of the
given logical expressions faoq, 20 and oo are calculated

as follows:
A(mo) = {{r} {v}}
A(r) = {{r},{r,0}}
Ale) = {{r, o}, {o} {o, u}}
so that

AMbzo) = {{r} {v}}
Alpzo) = {{r}, {r, 0}, {o} {o,u}}
Alyz20) = {{r}, {r, 0}}
then according to Definition 8 and Table 1, we could calcu-
late all the distances filled in Table 2. It is illustrated that

distances between LEs are symmetric and could reasonably
reflect the logical divergences between LEs.

6 Conclusion

In this paper we have defined the distance between vari-
ables on the discourse which focus on the difference of log-
ical meanings they convey. Based on it we present the dis-
tance between variable and sets of labels, distance between
sets. Hinally the formal definition of distance between logi-
cal expression is proposed which is capable to measure the
divergence of different logical expressions. It is proved that
this measure is symmetric and could reflect the intuitionistic
dissimilarity between logical expressions reasonably.
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